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Fig. 1. Overview of our pipeline. (a) A kni ing time function informs the direction of kni ing. (b) A course and wale curl signal is computed from the normalized
gradient of the time function. (c) Our method solves a semidiscrete optimal transport problem, represented by geodesic power diagrams, for both the positive
and negative parts of the curl signal. (d) The centers of the cells inform placement of le /right short row ends for the courses and increases/decreases for the
wales. (d) Using these singularities, a pair of orthogonal stripe pa erns are computed for the course and wale directions, which are then (e) intersected to

produce a helix-free knit graph. (f) Fabricated results of the Moai statue at two di erent knit graph resolutions dressed on 3D prints. The visualized graph
corresponds to the larger knit.
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We present an algorithm for global knit structure planning that leverages that more robustly achieve helix-free knit graphs. The speed and robustness
a generalization of power diagrams to triangulated surfaces. This general- of the method is demonstrated via a diverse array of knits, and a virtual
ization is based on modi ed geodesic heat kernels and is used to quantize gallery of helix-free knit graphs. We also provide further demonstration of
the curl measure of a normalized knitting time function gradient. Knit sin-  user constraints for knit singularity masking, level set alignment constraints,
gularity positions are optimized jointly in a global fashion via an iterative ~ and apparent seam placement via curl boosting.

Lloyd-type algorithm, leading to faster and more optimal placement of sin-
gularities than prior work, allowing for practical creation of denser knit
graphs. In this denser setting, we present singularity ordering constraints
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1 Introduction

@ Machine knitting has garnered much recent interest in the computer
This work is licensed under a Creative Commons Attribution-NonCommercial- ~ graphics, computational fabrication, and engineering communities
g‘;gig"é‘""e? 4534”:(‘?“2&1'2“&' L'Ce/r‘set-h © for its ability to achieve complex shaping and geometry while avoid-
opyrig e y the owner/autnor(s). . . . . N .
ACM 1557-7368/2026/7-ART145 ing the v_vaste_mgterlal |nh_erent in sewing ’_[ogt_ether woven fabn(_:s.
https://doi.org/10.1145/3811401 Beyond its ubiquitous use in everyday applications such as clothing
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and home decor, recent research has found applications of this geo-

metric exibility in sensing [Luo et al 2021, architecture Sharmin
and Ahlquist 201 composites[eong et al200(), robotics [Zlokapa
et al 2022 and functional sportswearl[iu et al. 202]. However,
e ciently converting arbitrary 3D geometries into stitch structures

We also introduce novel ordering constraints and routing schemes
on the stripe optimization (¥.4 which increase the robustness of
helix-free knit graph construction (by satisfying the foliation guar-
antees ofMitra et al. [2024). The robustness and delity of our
method is validated on a variety of fabricated results throughout the

ready to be machine-knit remains a complex challenge. There are paper and a virtual gallery of helix-free knit graphs which may be

various geometric and structural constraints that must be satis ed
at the stitch level, often requiring painstaking manual speci ca-
tion by textile engineers. Furthermore, accommodating user input
while satisfying these constraints adds additional complexity to the
problem.

In this work, we present a method for planning a whole-garment
stitch structure suitable for computational knitting, framed through
the lens of global curl quantization. This framework allows for
informed placement oknit singularitiesi.e.,increaseanddecreases
in the wale direction andshort-rowends in the course direction.
These insertions are crucial for geometric shaping and maintaining
uniform stitch sizes over an underlying 3D form. Our method comes
with guarantees and capabilities that prior works lack: guaranteed
machine-knittability [Nader et al 20221 Wu et al 2019, no post-
processing (sewing) of misaligned seanisijes et al202], joint
optimization of singularity positions Mitra et al. 20242023, and
accommodation of user constraintslfrayanan et al. 2018

Our work is in the vein of stripes-basehoppel et al201%
knit planning frameworks Mitra et al. 20252024 2023 Nader et al
2021 which extract a knit graph from two evenly-spaced orthogo-
nal stripe patternsMitra et al. [202% rst considered curl measure
as a heuristic for knit singularity placement. In particular, given a
knitting time function :" ! Rthatde nesthe ordering of course
rows, the curl of its normalized gradient eld (and its

J

i jj

viewed atrahulmitra.xyz/projects/powerknit/gallery . Addition-
ally, our method preserves the user capabilities bfifra et al. 2025
while introducing a few novel user editing tools. In particular, we
allow for time function alignment (and thus course alignment) to
feature curves (Fidl3 and placement of apparent seams by a prin-
cipled transferring of curl mass to user-speci ed curves (Fig.. We
demonstrate these capabilities through a variety of practical exam-
ples highlighted in 8. We provide an open-source implementation
which can be found agithub.com/mcouplet/powerknit .

To summarize, our primary contributions include:

A joint optimization scheme that globally solves for all singu-
larity positions together, typically achieving 5-10x speedup
over [Mitra et al. 202k (Y5, Table1)

A heat-based method for calculation of geodesic power dia-
grams on surfaces, and a Lloyd-type alternating method for
measure quantization on surfaces3(3

Novel ordering constraints and path routing schemes that
allow for robust helix-free knit graph generation in higher-
frequency (knit density) settings. ¢4

New user constraints allowing for direct editing of the knit-
ting time function and apparent seam placement4

2 Related Work

rotated counterpart for wales) serve as signals for placing singulari- Our work draws inspiration from several popular knitting pipelines

ties. Note that this curl is a signed quantity, with positive/negative
parts denoting left/right short row ends (for the courses) and in-
creases/decreases (for the wales). SeelHigr an example. The
method of Mitra et al. 2023 is a greedy, iterative placement of knit
singularities aiming to optimize for even spacing. Each singularity

and frameworks. The stitch meshing line of work\[u et al 2018
Yuksel et al2012 was the rst to abstract yarn-level structures
into quad-dominant meshes for rendering and visualization applica-
tions, but did not consider hand or machine knitting. Various works
[Narayanan et al2019Wau et al 20192027 built on this represen-

is placed individually, and each placement requires testing a set of tation to allow for knittability. The rst knitting compiler [McCann
candidate positions. For each such candidate, a convex quadratic €t al 201§ was able to convert 2D primitives into machine knitting

optimization is required, leading to poor scaling with increase in
knit resolution (more singularities).

We present a global method that jointly optimizes for all singular-
ity positions, and then performs just one of these convex quadratic
optimizations, avoiding the computational complexity of a greedy
approach. We formulate the task of singularity placement as an
optimal transport (OT) problem on the surface. In particular, we
aim to quantize the curl measure r by nding a discrete set of
knit singularities that minimizes the OT cost to the measure. The
solution to such a problem isg@eodesic power diagram the surface
as shown in Figl. These are calculated on the surface utilizing heat
kernel tools developed inQrane et al2013h Sharp et al2019§,
and are alternated with Lloyd-type steps that update singularity
positions. The computational e ciency of such a joint approach
against the prior greedy method is highlighted in Takleallowing

us to scale knit resolutions to highly dense, practically-sized models

(see Figl and Fig.17).
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instructions. Autoknit [Narayanan et al201§ introduced an end-to-
end pipeline for converting arbitrary 3D geometries into machine
knitting instructions. We frame our knit structures through the
popularknit graphabstraction introduced by this work and further
described in ¥.1.1and Fig.2.

There have been various follow-on knitting works focusing on
knit structure semantics and topological correctnesset al. 2023
2024, designing programming language abstractions for knitdf-
mann et al 20192023, user-editing Pones et a2021 Narayanan
et al. 2019 and interfaces Kaspar et al2019 2023 Twigg-Smith
et al 2024. Additionally, signi cant e orts have been focused in
the domain of functional knitting. These include applications in
actuation [Albaugh et al 2019 Luo et al 2021 2023, deformation
modeling [Liu et al. 202}, robotics [Zlokapa et al. 2032nd archi-
tecture [Popescu et al. 202202(.

As noted, there are several other works that use stripe patterns
for knit graph generation. These methods generate globally orthog-
onal stripe patterns and then intersect them to produce knit graphs.


https://rahulmitra.xyz/projects/powerknit/gallery
https://github.com/mcouplet/powerknit

Nader et al[202] were the rst to consider such an approach by
using the striping algorithms oKnoppel et al[2015. However,
this method could not guarantee machine-knittability due to the
presence of stripe helices which were locally xed using tools from
the quad meshing literature§ommes et a011]. Mitra et al. [2023
addressed this by presenting several linear constraints in the space
of discrete spinningdl-formsthat allowed for the global modi cation

of stripes to generate helix-free knit graphs. Follow-on worlditra

et al 2024 viewed stripe patterns a$oliationsof an underlying
vector eld and presented more robust criteria for guaranteeing
the helix-free condition. Recent work)itra et al. 2025 tackled the
problem of placing knit singularities using the curl of as a heuris-
tic signal. While Mitra et al. 2024 2023 satis ed machine-knitting
constraints, they often required manual insertion and pairing of
singularities or the solving of large mixed-integer problemslifra

et al 2023 introduced a fully automatic pipeline for placing knit sin-
gularities based on a greedy, iterative approach that replaces manual
intervention and pairing. Our work extends these frameworks by
quantizing the curl ofr  for more principled knit singularity place-
ment. A Lloyd-type algorithm is used, alternating semi-discrete
optimal transport solves with weighted geodesic barycenter up-
dates. The joint optimization leads to better computational scaling
behavior and mass preservation of the curl measure.

Lastly, we note some connections to more general quad-dominant
meshing methods, e.g., that of Instant Meshé&slob et al201%
(whose terminology we borrow below) andjao et al2017Ray et al
2004. Our knit graph generation procedure may be viewed as gen-
erating a quad-dominant mesh with only positional singularities,
which correspond to the knit singularities (and stripe bifurcations)
of our approach. The works ofu et al 2018 2019 leveraged
such methods, but did not focus on producing machine-knittable
knit graphs, allowing for the appearance of rotational singularities
that resulted in mismatched course/wale directionalities. Further-
more, No speci ¢ care was given to a helix-free constrain8 (.3
in the meshing process. This constraint can be viewed as requiring
a partial order on strips of quads, crucial for generating a valid
yarnwise ordering on the loops of the knit structure, e.g., as done
by the tracing step of the Autoknit pipelineNlarayanan et al201§.
Finally, using the curl measure to place such positional singulari-
ties can be viewed in analogy with the heuristic for placement of
rotational singularities at places of signi cant Gaussian curvature
in quad/quad-dominant meshe8pmmes et al. 201.3

3 Background

We brie y summarize the basics of computational knitting%¥),
stripe pattern optimization for knit design (¥.9), and measure quan-
tization in Euclidean space via optimal transport (OT) todls3.

3.1 Kniing and Machine Kni ing

We focus on the whole-garment computational knitting context.
Details beyond those below may be found in, e.gNafayanan
et al. 2018 Underwood 200 for the interested reader. Also recom-
mended are the following talklflcCann 201Jfand summer school
course Lin et al. 2025 for summary overviews of relevant concepts.
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Fig. 2. A local knit structure with three knit singularities (le ) and knit
graph (right) representations. A decrease (orange), an increase (green), and
the right end of a short-row end (pink) are shown. Modified froiviitra

et al.[202% with permission from the authors.

3.1.1 Basic knit structurbn this work, we restrict to the simple,
foundationalsingle jerseknit pattern, illustrated schematically in
Fig. 2. This basic pattern is a regular square lattice grid of inter-
locking yarn loops, forming rowsdoursesand columns\yale$ of
knit stitches. Irregularities in the form okhort row endsndin-
creases/decreasdlsw for starting and ending courses and wales,
respectively. We call such irregularitieknit singularities and they
are necessary to induce geometric shaping for the underlying fabric.

A knit graphcan be used to represent a knit structure discretely.
Following the Autoknit [Narayanan et al201§ convention, each
knit graph node corresponds to two stacked knit stitches in the ver-
tical direction, and one stitch width in the course direction. Stitches
adjacent in the course direction are joined bpurse edgesd stitch
pairs interlaced with adjacent stitch pairs in the wale direction are
joined bywale edgedf a node is lacking a course edge on either side,
it denotes ashort row endlf a node has multiple wale edges coming
out/in (w.r.t wale direction), it denotes the beginning/terminal end
of a wale column via afincrease/decrease

3.1.2 Whole-garment machine kni inBp computationally knit

a manifold surface' in a whole-garmenfashion, one uses a V-
bed knitting machine, which produces the fabric one course row at
a time and avoids any sewing post-processing to join boundaries
of the machine output. Such a machine can produce two kinds
of basic topological primitivestubes(topological cylinders) and
sheetgtopological disks). As we are using the Autoknit compiler
[Narayanan et al201§, we restrict to manifolds" that consist
purely of tubes that may merge or split, wittm" (boundary of

" ) consisting of a union of starting and ending course rows (see
example in inset below). With geometric shaping incorporated into
the tubes, such a framework can be used to produce a topologically
and geometrically diverse array of 3D surfaces. Note that our knit
singularity placement framework is not restricted to tubes and may
easily be used on sheet primitives, as seen in Eig.

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.
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Atime function :" !» 0»1%is usually used to
model the course and wale alignment of a whole-
garment knit (also shown on inset example). Course
rows are meant to roughly align with level sets o

and to be produced in order of increasingvalue.
Wale columns are meant to be orthogonal to th

level sets. Critical level sets of(red curves), in
the Morse-theoretic sense, partitioh into tubes,
resulting in a cylindrical decomposition. Upon discretization'of
we take these level sets to be edge cyClgfor 8= 1+ """ e forse the
construction of which is detailed in Supp. Y4 éfifra et al. 2024.
In our work, we produce in the typical fashion: by harmonically
interpolating Dirichlet boundary conditions of 0 and 1 on user-
speci ed boundary components.

| |

3.1.3 Helix-free constrainfBhe candidate knit graph we obtain
is passed to the Autoknit compilefNarayanan et a01§, which has

several requirements on the knit graph structure.
The most important of these is thbelix-freecon-

straint, illustrated in the inset, which asks that ther

not be a sequence of wale edges joining any t X
nodes in the same course row. Wale edges enco

an ordering on courses, and such a sequence w

entail trying to create certain stitches of a cour:

row before having any prior stitches to interlac

them with. There are further constraints which ar

mostly for robustness of the machine knitting, and

we refer the reader tolflarayanan et al201§ for a further detail-
ing of these. These further constraints could all be violated when
hand-knitting with a single yarn, for example, while the helix-free
constraint remains a strict structural constraint.

3.2 Stripes for Kni ing

Our method builds upon the prior works of{ndppel et al2015%
Mitra et al. 2025 2024 2023. We refer to these works often for
further details, but attempt to summarize the necessary basics below.
Additionally, it utilizes discrete di erential forms and concepts from
discrete exterior calculus. We refer readers torfne et al20133

for reference, if needed.

3.2.1 Spinning-Form-Based Strigesproduce a uniform knit struc-
ture, one aims for evenly-spaced course rows and wale columns,
achieved in a curved setting with knit singularities. This even spac-
ing mirrors the desire for evenly-spaced stripe patterns. This was
leveraged in Mitra et al. 2023 and in [Nader et al202], both of
which aim to come up with two roughly orthogonal stripe patterns
that represent a candidate knit structure. A key distinction is that
the former explicitly incorporates the helix-free constraint 08Y..3
Both works used the framework ol{nppel et al201%, whereby
a stripe pattern is considered as a function: * ! St to the
unit circle (technically with isolated points of non-de nition at
singularities). For the stripe pattern depicted in F&)the surface is
colored gold wherargi 2 »0 c°, and teal wherargi 2 » c<(°. On
atriangle mesi =1+« ¢ © adiscrete version of such a function
can be expressed as a discrete di erential 1-fofm ! Rsuch
that 13;f °c= 2c: cfor some integer ¢ 2 Z (called thestripe indeX

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.

Fig. 3. Le : Stripes on a bunny model. The zoom-in shows behavior of the
[Knoppel et al 201 interpolant on and around a singular face of stripe
index +1, where a new stripe emerges. Right: Foliation behavior of the
interpolant on the singular face, showing source (red) and saddle (yellow)
singularities (of the vector field and foliation). Level setsioemanate to

the right, with separatrices labelled in orange (fronvjitra et al. 2024 with
permission from the authors).

on each triangleC2 . This form can then be integrated along a
spanning tree of edges to form a discontinuoaiggi function. The
integer3; conditions ensure that this will represent a continuous
function.

Faces for which ¢ < 0 correspond tcstripe singularitiesvhere
new stripes start or terminate. These singularities correspond to the
knit singularities noted in 8.1.1and are analogous to the positional
singularities of Instant MeshesJakob et al201% (a more general
quad-dominant meshing pipeline). The forinis referred to as
the spinning formof the stripe pattern as it denotes the spinning
(change in phase angle) of the unit circle functionover each edge.

In [Kndppel et al2015, a (discontinuous) rational stripe interpolant
was de ned (illustrated in Fig3, left) for producing a stripe pattern
on these singular triangles. On nonsingular triangles, for which=

0, the pattern is piecewise linear and has a well-de ned gradient,
which we denote'r f °c This may also be seen as the discretized
Whitney interpolant evaluated at the triangle barycenter, as noted
in [Mitra et al. 202k

In [Mitra et al. 2023, the authors introduced dens complex
[Soliman et al202] generalization of the spinning form, which
allowed for stripe singularities to reside on edges. This extends
the set of faces = 't to include bigons that correspond
to edges of the original mesh. It also
doubles the set of edges, denoted
turning each original half-edge into
its own edge. The vertex setremains
xed. This construction simpli es knit
graph extraction by allowing 1-forms
to disagree on twin half-edges of the T
original triangle mesh when stripe sin-
gularities are placed on these bigons.
The resulting stripe pattern is piece-
wise linear on all triangular faces, and example behavior near a
singular edge may be seen in Fi§).The rst exterior derivative3;
extends naturally to this context and we u§g and3; to denote
the blocks corresponding t8;1 on the triangular and bigon faces,
respectively.
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3.2.2 Form Optimization and Constrair@ven a time function In particular, for Problen(1) above, forf 2, the only non-zero term is
that roughly speci es course row alignment, one may optimize fora the rst, which tells us that the entries okg sum to 0. For the wale
spinning form that achieves this. To guide such a form (and thus pat- columns, in optimizing forf g, only the middle term disappears,
tern), we need the normalized time function gradient := k: T and we note that the last term consists of multiple subterms, one
de ned per faceG and desired stripe perioth Furthermore, letus ~ corresponding to a path integral over each boundary component.
assume that Singularity placement on edge bigons has been deter-Thgse must be rounded to integer multiples of the pel’iOd as detailed
mined and is given by avectde 2 f 1s0-, 1g ). The following in'Y4.3.2 offlitra et al. 202h

quadratic optimization with linear constraints results: 3.2.3  Orbit Complex & Folia-

3 _ !y tion Behavior.The level sets of
; 1fo. 1rfo r i describe the trajectories of a
f:m!mR Fare: - cirf% % c (12) vector eld ow, and thus afo-
liation, as described inNlitra
suchthat  3,f =0 (1b) et al 2024. On non-singular
3, f =% (1c) trianglesG this vector eld is
fim =0 (1d) the rotatedtr f°F (90 clock-
wise), and on singular trian-
wf =0 8=1"""*mis (1e) gles, itis the rotated gradient of
f=0 8= 10" " "eFiorse (1f) the rational interpolant (illus-
-8 trated in Fig.3). For arestricted
cf=ke ;=1"""8, =gy 1 (10) class of vector elds, i.e., those with no nontrivial recurrent trajec-
' tories, e.g., limit cycles, the topological behavior of the vector eld
In F1f °, the weighting cis the area of triangleC Within the con- ow is fully characterized by theorbit complexsee Y2.2.1 offan-

straints: Eqs(1b), (1¢) enforce stripe singularity placement onthe  son et al 1994). In our setting, this is a partitioning of  into cellsof
speci ed bigons (and not on any faces); E¢s) impose boundary two types which have a particular topology and ow behavior. The
alignment of stripes; Eqgle) ensure non-helicing as described be- pedagogical inset above illustrates the orbit complex for the course
low in ¥3.2.3 Eqs(1f) ensure that the Morse-theoretical cylindrical  stripe pattern on a simple bent cylinder (both sides shown and set

decomposition is respected; E¢$g) ensure a well-de ned global  back-to-back). Flows on Type | cells are equivalent to periodic ow
functioni by xing integer homology generator path integrals as  around an annulus (cylinder/tube) and those on Type Il cells are
given by a vectokg 2 Z%.= 1 (described further in Y4.1 ofitra equivalent to a horizontal ow on an in nite stripR 1 (»1° R2.
etal. 202ftand Y4.3.2 ofi\litra et al. 202). There are three Type | cells, holding blue trajectories, and two Type
The path integral constraints above are oriented sum$ aflong Il Cells, holding green trajectories in the inset. Cells are separated

edge chains in the mesh . Such oriented edge chains are homol-  from each other byseparatricesf the ow, trajectories that limit
ogous and equivalent to integrals along polylines over faces, as to or from vector eld singularities? and have nearby trajectories
detailed in Lemma 1 ofiflitra et al. 2023. These path integral con-  not converging to?. These are illustrated by the (darker) orange
straints quantify the amount of (oriented) crossing of level sets of  trajectories above. As typi ed in this example, Type Il cells arise

i across the edge chalV In most instances, when,f = 0, this and end at stripe singularities (orange nodes).

enforces that following a level set af starting atWQ° will pass In [Mitra et al. 2024, the authors show that appropriate control
through WH°. This is used to route separatrices between paired of the orbit complex can guarantee that all course trajectories (level
singularities via constraint$3), as described in3/2.3below. An sets ofi 2) will be helix-free. In particular, they showed that if all the
exception to this expected behavior may be seen in Eigwhich separatrices bounding Type Il cells are helix-free, then all course
necessitates our novel singularity ordering constraints. trajectories will be helix-free (Prop. 1 offitra et al. 202}).

The analogous optimization for the wale columns hasreplaced 3.2.4 Singularity Pairing AssignmeRtactically, the non-helicing

_7

with -~ (r rotated by90 counterclockwise per face) in E(Ld), of bounding separatrices is achieved via the pairing of index +1
and the dropping of Eqg1d), (1¢), and(1f). Going forward, we will stripe singularities with index -1 stripe singularities and application
usefz andf ¢ to denote the 1-forms for the course/wale pattems,  of the constraints(3), to route these bounding separatrices. The
andi > andi £ to denote the integrated' functions, respectively.  nymberBof such positive/negative singularities fdr is equal by
If an equation or statement applies to both patterfisori will be the global index theorem Eq?2), and thus the cost of pairing is
used. captured in a cost matrix 2 'R °B B For positive singularitBand

Lastly, we note a nal feasibility condition that must hold viathe  negative singularityg the cost go= 32, where3ggis the cost of a
global index theorem (Thm 3.1) ofpma et al2023, a consequence piiystra shortest path between singular points on a custom weighted
of Stokes' Theorem. Specialized to our lens complex setting, this . —? . .

graph of mesh halfedges. In particularrif = is the normalized

says that for ar~1y discrete 1-forrh, we hfwe the following identity: clockwise 00 ) rotated gradients of the time function then the

13,9, 13, f o f=0o ) weight of each halfedgés dis given byl—%gzr—, wheredg gis the

B

42 o m" normalized halfedge vector. This encourages paths owing from

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.
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positive singularities to negative singularities in the appropriate
direction as described in Y4.2 gfitra et al.[2024.

The optimal assignment is encoded in a permutation maffi2
f0r1cP B, whereTgg= 1 denotes a matching of 1 singularity 8
with 1 singularity 9 This is found via a relaxation to a discrete
optimal transport problem (see Y2.3 éfdyré and Cuturi 2019
between uniform discrete measures on the set of +1 singularities
and -1 singularities:

min hCeTi (3a)

T2>0:134 B
such that T1=1 (3b)
V1=20 (3c)

Eq.(33) denotes a sum of the entrywise products and re ects the
total cost of a transport pairing, and Eq&b), (3¢) ensure that the
transport planT marginalizes appropriately to the measure on +1
singularities and the measure on -1 singularities. The basic theory
of the Kantorovich relaxation ensures that any minimiz&ris a
permutation matrix (Prop. 2.1 offeyré and Cuturi 201

3.2.5 Singularity placement via curl heurisTice problem of evenly

Fig.4.r r informs the placement of short row ends. Curl is the limit of
integrals around infinitesimal loops. Integrals over portions closer to the
spine of the bent cylinder have larger curl values. In the wale direction,
curl serves as a good signal to place increases/decreases. Modified from
[Mitra et al. 202% with permission from the authors.

spaced stripes, and thus evenly spaced course rows and wale columns

in a resultant knit graph, is reliant on an intelligent placement of
stripe singularities. In Mitra et al. 2023, an (ill-posed) continuous
optimization problem was proposed. In this problem one aims to
nd an optimal vector eld + that roughly matchesr 9% and has
quantized curl equal to the sum of Dirac delta measures (of mass
% placed at singular point®1*”""+2 2 " , scaled by 1indices

iqe""mer 2 1 1g.
1 _ 2
min + L (4a)
+oDpe"e2 %
&
suchthat r + =% :gk?¢ (4b)
81

This problem may be viewed as a continuous version of Problem
(1) with the addition of the integer variables ik . These additional
variables would re ect the freedom to determine and shift singular-
ity placements. Rather than solve the analogous large mixed-integer
problem as was done infitra et al. 2023, the authors of Mitra

et al 2023 proposed the use of a curl heuristic for determining
singularity positions, and greedily placed singularities at high curl
(r r )inabid to reduce the objectivE f ° iteratively. Fig.4
demonstrates that this curl serves as an intuitive indicator for knit
singularity placement, highlighting regions where level sets of
diverge quickly and even spacing could be preserved by stripe sin-
gularity insertion. On the bent cylinder model, this naturally places
short-row ends along the spine" where curl is most pronounced.
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In [Mitra et al. 2023, r
was discretized to vertices as the
per-vertex curl of a face-based vec-
tor eld via the standard formula
below [de Goes et aR016 Wardet-
zky 2007. The inset (borrowed
from [Mitra et al. 2025 with per-
mission from the authors) illus-
trates the 1-ring#1 of vertex kg,
with a per-facer  eld shown in
red. The blue arrows denote the orientation of the vect@g in
the sum.
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The equation integrates  over the boundary o 11&, and B
denotes a third of the area af 11Eg° (the typical dual barycentric
cell).

3.3 Measure antization via Semi-Discrete OT inR™

For absolutely continuous probability measure®nR~, i.e., given

by a density functiond : R©! Rsuchthat' - °=  d3Gthere

is a well-studied optimal-transport-based (OT-based) framework
for discrete approximation of such measures. For further details we
refer interested readers tdieyré and Cuturi 203%antambrogio
201%.

3.3.1 Optimal TranspoitheWasserstein distance! s a® between
two probability measuresea 2 P1R~° is given by the minimizer
of the following in nite-dimen§ional linear optimization problem.
21% g0 = WG-2kG ~k?3G 3~ (6a)

min
W PR R°°
such that

RE R

lecegW=" & c-%W=a (6b)



The optimal product measurédfexpresses the minimum cost trans-
port plan between anda, with Egs.(6h) expressing the fact that
marginalizes onto anda via the projection maps onto each factor
of R™. Intuitively, this distance is often called the Earth Movers'
Distance, as E(64) re ects the cost to transform as a pile of dirt
into a as a pile of dirt, with coskG ~k? associated with moving
mass.

This primal form of the optimal transport problem is dual to the
following linear optimizationlproblem over functionek onR~:

max i3, k 3a (7a)
ik 2! 11R=O R= *§
such that 1@, k1~° kG ~K? (7b)

The functions 1@+k1~°have economic interpretations that roughly
correspond to the price of picking up and dropping 0 mass at points

Gand~ respectively, as proposed by a third-party aiming to per-

form the transport for a price. Eq$7b) express the fact that for any
two pickup and drop-o points, the sum of these prices should not

exceed the cost of transport. This problem may also be expressed

in a purely unconstrained way in terms d&f alone by replacing
with its c-conjugate

k1@ : inf kG ~k® ki1~ (8)
~2R®

3.3.2 Semi-discrete optimal transport and power diagiartie
semi-discrete setting, the source measurs absolutely continuous
and the target measura is discretemeaning it is uniformly sup-
ported on a set off points?1¢”""e2 2 R :a=11#° glx1?8°.

We will see that the optimal transport plan then associates regions

of R™ to individual points?g. The dual OT problen(7) simpli es
to a nite-dimensional concave maximization problem in weights
kg =k 1G° (where the c-conjugate has been substituted in).
1 1 é
max G¥®: min kG 2k% kg 3!@, = kg
K 1o""elg R= 81"t # oo
©)

These weights have a concrete computational geometry interpre-

tation aspower weight a power diagranfjAurenhammer 1987

Three examples are shown in right three panes of FigThese are
generalizations of Voronoi diagrams, where eguobwer cellcorre-
sponds to regions that have lowepbwer distanceG GkZ kg

Examples may be seen in Fig.16

+#®: fG2R jKG 2%k% kg kG 7?9k kg 89 (10)
The gradients of the objectiv61k® are given by the mass dis-

crepancies: 1
né 1
— == 3 11
mig # +81k®’ ( )
3.3.3 lterative Lloyd's algorithms for quantizatién. OT-based

quantizationof a continuous measure is de ned as a uniform
discrete measurathat minimizes the Wasserstein distance s a®
by allowing movement of the support siteg*”""«2. Thisis a
non-convex optimization problem in both the power weighkg and
the site positions?g. One popular and e ective approach to nding
a local minimum, is to perform alternating optimization between

kg and?g, keeping the other set of variables xed in each step. This
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results in a Lloyd-type algorithml[loyd 1982 where one alternates
between two steps:

(1) Optimize the power weight&g such that every power cell
is adjusted to cover an equal portion of source measure
This is done by solving the concave maximization problem
in 3.3.2

(2) Snap site®gto the " -weighted barycenters of their respective
power cells. Proof of optimality may be found irCjaici et al
2018de Goes et al. 20},2and is skipped for brevity.

An example of this algorithm in action on a simple Gaussian distribu-
tion may be seen in Figh. While no guarantees on global optimality
are had, the resulting local minima are usually quite similar to each
other, signifying robustness to initialization and likely near-global
optimality.

4 Method
4.1 Signed Measure antization

The constructions of ¥.3easily generalize to positive measures
of equal total mass 'R™° = alR™° (i.e., this value may not be 1).
Below, we use€ 2 to denote the signed curl measure r of the

normalized time gradient function, andg to denote the signed

curl measurer r_? relevant to wale stripes. will be used if the
discussion pertains to both course and wale curl measures.

As either of these measures is signed (typically), we separately
guantize the positive and negative parts of the signed measure:
: . The discretized result is two positive measures supported on
disjoint vertex sets of . Note that this notion of quantization does
not allow for any mass cancellation, as is considered in some notions
of unbalanced transport, e.g.Chizat et al 2018. Our approach
is simple, e ective, and allows us to adapt the machinery of the
positive measure case in a straightforward fashion. Empirically, the
curl measure varies smoothly, and does not often contain connected
regions of positive and negative curl with mass of sub-period order.

4.1.1 Balanced Pairs for the Course
Direction.Given the matching prob-
lem (3), one might ask if it is possible
for *» and’, to have the majority of

their mass on di erent level sets of ///”L/f
. Such a distribution would compli- {/////
cate the matching problem, and make \Ql

it quite challenging to produce helix-
free course stripes aligned with level
sets of . Empirically, this does not seem to be the case, as observed
in the inset, where the mass 0% and”, seem to be equal between
any two level sets of . Indeed, we observe:

Proposition 1. Consider a smooth time function” ! » 014
achievingd and1 on connected componentsf, and 2 : r r,
the mass of, and’, is balanced between any two level sets bf
particular, let' g, : f?2" jOo 1?° 1gforany0 01 1

(12)
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Convergence (29 iterations)

Random site initialization 3 iterations 20 iterations
Fig. 5. We apply our method to a Gaussian measure in the plane. We show the power cells along with sites (red) and the next update step (green) at di erent
stages of the Lloyd algorithm. A single iteration consists of a weight optimization (semi-discrete OT solve) and a power cell barycenter step. Note the quick

qualitative convergence, with the basic structure already approximately correct a er just 3 iterations.

Proof. Lettingl » 2 11" ° denote the 1-form dual to , we

have that 2 = 31l 2. Then by Stokes' Theorem:
1 1 1

3" =

"o

31l = I =

m..01

o’ (13)

" o1

The last integral vanishes by the fact that is orthogonal to the
level sets of valu® and1. As 2 = °» "5, the mass equality
results. f

4.2 OT-Based antization on Surfaces
We rst nd the number of desired positive/negative support sites
by rounding the total integrated positive/negative curl over the
domain (after dividing by the striping period).
0 # "

#):"_’ o H# =
%

#

- 14

% (14)
To nd the positions of these singularities, we generalize the ma-
chinery described in ¥.3to quantize the signed curl measure over
the domain. In particular, for each of and™ , we search for uni-

form discrete measures® supported on point§’1° o ”-g .

that minimize the Wassertein distance te* . For simplicity below,
we drop the superscripts, as the procedure is identical for each part
of the measure.

4.2.1 Geodesic Tools.order to generalize the story in an e cient
manner, we need a quick way to approximate the geodesic (and
power) distance on mesh , to compute mass-weighted barycenters

of power cells on surfaces, and to step to these barycenters along

" . The heat di usion-based tools offrane et al2013hSharp et al
2019¢ are crucial for achieving these aims. In particulat;fane

et al 2013hintroduces the heat kernelct?« @ on a mesH' , which
measures the heat transferred from a soufc2 " to atargetG2 "
after timeC A simulated heat di usion step can be calculated via a
backward Euler step, resulting in a sparse positive-de nite linear
system that only depends ch and its discretized Laplacidn It can

be pre-factored with a sparse Cholesky method for e cient repeated
evaluations. This heat kernel is related to geodesic dista@8ice G
via Varadhan's formula, which implies the following proportionality
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for small timesC

S d2e@/ 4 370 (15)

The work of [Sharp et al2019¢ generalizes this story to vector
bundles, and the tangent bund)& in particular, replacing with

a connection Laplaciah” , and using an associated vector heat
equation. This vector heat di usion allows one to utilize similar
numerical tools to parallel transport and di use tangent vectors at
source points? to target pointsG Di used radial and horizontal
vector elds are computed and combined to determinégarith-
mic maplog, : " ! )»?" R2 which maps" onto the tangent
plane)»" at?. This discrete logarithmic map is used to approxi-
mateKarcher meanéweighted means on surfaces) by pulling back
measureg on" onto)." viatlog,%| and performing weighted
averaging on »" R2, which is straightforwardlogs is the in-
verse of anexponential magxp, :) 2" RZ! " which maps

a tangent vectolE 2 ) »" to the point that would be reached by
walking along a geodesic in the direction &for distancekEk. This

is calculated by just traversing the surface intrinsically. We utilize
the Geometry Central$harp et al20194implementations of these
for triangular meshes, and use the default di usion time valGthat
they recommend, the square of the average mesh edge length.

4.2.2 Geodesic Power Diagrams & Lloyd Skedsharp et al
2019¢ the authors construct geodesic Voronoi diagrams, by repre-
senting Voronoi cells in a fuzzy" manner, via measures that form a
partition of unity and are concentrated on their respective cells. We
do the same, but with a set of "power distance kernels":

4 kedC aop @
O Ko dC
od Ko 12g @

= 1 (16)
By (15, we have thatt K&*4C:; 12p @/ 4" 3770 ke®4C Agin
the geodesic Voronoi case, this measure is near 1 on the geodesic
power cell, and quickly drops to 0 when it approaches points that are
of lower power distance. Since a uniform constant shift of there-
sultin the same kernels, we stabilize the computation by subtracting
maxgk ¢° 0 of eachkgto prevent numerical under ow.

This approximation of the power cell allows us to optimize for
the power weightsg using the following generalized (from E{L1))



Centroidal Geodesic Voronoi
Cells

Curl Signal Our Curl-weighted

Power Cells

Fig. 6. A comparison on a hemisphere mesh of a geodesic power diagram
and a geodesic centroidal Voronoi diagram. The power diagram is for the
final configuration of our quantization method applied tog on this model.

gradient step:
+81|®3\

These gradients are used in an L-BFGS optimization scheme that
solves for the weight&g. We use the implementation(iu and
Toewe 201p with default parameters memory = 6 for Hessian
approximation, and{ grgs= 10 ° as the threshold gradient norm
for convergence.

For the Lloyd steps, where we update point positions to the
weighted means of their corresponding power cells, we pullback the
calculation to the tangent plane and push it through the exponential

map. |
1

m—"i =% 17)

@ 3log,, +sk®
|Og?81" o
Asinthe proposed Lloyd-type method for geodesic centroidal Voronoi
diagrams in Bharp et al2019¢, this only corresponds to a single
step of the Karcher mean algorithm, but we nd that it is faster to
forgo multiple steps of this. A comparison of a geodesic centroidal
Voronoi diagram and a power diagram resulting from quantization
of g on a simple hemispherical model is shown in Fig Addition-
ally, we show an example of path trajectories on a sock model in
Fig.7.

In actuality, in the Lloyd step(18, we use a reduced update
step size ofy'8to discourage oscillatory behavior during optimiza-
tion. We loop over alternating steps of L-BFGS optimization for the
weights, and the above Lloyd steps until the relative improvement
in the semidiscrete OT objectivé 1@ drops belowY oyg = 10 4,
Pseudocode for our quantization procedure is in Algoritifr). Our
method shares the same general robustness to initialization as the
planar method, i.e., while the full objective (as a function of point

787! exp,, (18)

Fig. 7. Point trajectories on a sock model, starting from a random initializa-
tion. We quantize the positive portionof r (le ) with a sparse number

of singularities (12).
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Algorithm 1: Lloyd's algorithm for curl quantization

Input: Surfac€' ; curl measure on" ; number of sites;
toleranceY jpyg = 10 4- di usion parameterC

Output:  Site positiond ?gg5_;
Initialize sites and weights ;
Sample= sitesf?gg uniformly at random on" ;
Initialize ®  0;
Gprev .1
for : =1t0 maxdo

(1) Heat-kernel evaluation ;

for 8= 1to =do
| Compute: 2@ for G2 "

(2) Compute Power Cells;

for 8= 1to =do
4 kerdC: 100 @

L b koG 125 @
(3) Optimize weights via L-BFGS;

1

+#®@

m—"i:% ‘+81|@3‘
@Cur® 1 (o

(4) Lloyd update;

for 8=1to =do

Computelog, '@ 2) 7" forG2"
Centroid Update ;

1

= ® 3log,, %t+stk® 2) "

1 o
IOg?g

Exponential map update ;

78 exp,l08E° 2"

(5) Check stopping criterion ;
X ijrev G currj .
RE
if XY Yioyd then
L break
Gprev G currs

return f?s0

positions and weights) is hon-convex, the resulting singularity posi-
tions are qualitatively similar and have similar objective values. A
plot of the OT objective versus iteration count is shown in Fich

This optimization is done once per signed measure. In the course
direction, we apply this algorithm per cylindrical component to
prevent singularity pairing across components. In the wale direction,
the algorithm is carried out over the entire mesh.

4.3 Singularity Discretization & Pairing

At the end of our quantization procedure for the course stripes,
we have sets of points on the domain representing positive and
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negative singularities. As initra et al. [2024, we must pair these
singularities via a slight modi cation of the optimization problem
(3). In particular, we use a modi ed version of the cost matrix to
guide the optimal matching problem.
891 I7.]34¢" (29)
Here isthe absolute di erence between time function values of
the singular points, and further stabilizes the matching problem.
In addition to the pairing, we must also map singularity points
to discrete mesh edges to form the vectas in Problem(l). For
a matched pair?ge 2,5, we compute the average isoline value
avg: ' P, 1?.,5°9¢2 For each member of the pair we nd
the nearest edge in the mesh that passes through thg isoline

and is aligned with the time function gradient. An edge is aligned if
the edge vector has (absolute) angle with less than or equal to

The second constraint strongly motivates the depicted singularity
structure by forcing the formf > to increase in the direction of
r along both half-edges of the bigon. With this constraint and
the inherent smoothness arising from arf di erence objective,
it is very energetically favorable for all nearby edges to have the
same behavior. To be more precise, the discrete index of the 1-form,
de ned as the number of sign changes iip as you circle about
a face or vertex Gortler et al 200§, should be zero on all faces
(bigons included) and vertices of the mesh near stripe singularity
edges.

4.4.2 Separatrix Path Routirighe second modi cation is a routing
rule for construction of the pairing edge chains for the constraints
of Eq.(16. When we pair course singularities, they are snapped to
distinct edges intersecting theiraygisoline. In dense stripe settings,

30, and distance to edges is estimated via the geodesic heat kernel the avg isolines for distinct pairs may be quite close to each other,

method [Crane et al. 207 This alignment ensures the robustness
of our path constraints described in Set4

In the wale direction, there is no pairing scheme required. We sim-
ply nd the most anti-aligned edge with the time function gradient
that is closest to the singular point to serve as our edge singularity.

4.4 Discretized Stripe Optimization

After an appropriate pairing of singularities, we must solve an opti-
mization problem for the stripe pattern, akin to Problefh). How-
ever, we must ensure the non-helicing of all level sets, as described
in [Mitra et al. 2024, by controlling the routing of separatrices. This

is more challenging in the dense stripe setting (higher frequency
stripes), which are now computationally within reach. To achieve
this behavior in these more challenging settings, we require 3 novel
additions/modi cations to Problen{l). Note that these constraints
are very local in nature and thus mostly independent of the global
measure quantization. This follows from Profi) which implies
that the quantized positive and negative course singularities should
be balanced and paired singularities should exist on very similar
level sets.

4.4.1 Symmetric Short Row Enfise rst of these is a speci cation

of similar local stripe behavior at each end of a short row pair. If
the edges of the short row ends are labelled as below in Bjg.
then we impose an equality constraifigo= f.. and an inequality
constraintf 9g¥ 0. Asfgg f gg= %= 1 f .. , f.. 2, the rstconstraint
imposes a symmetric structure on the short row enfls: = fog
This is crucial for enforcing appropriate orbit complex (and thus
helix-free) behavior. If not imposed, joining separatrices with level
set constraints may be impossible between paired singular edges.

Fig. 8. Notation for the symmetric short row ends conditions described in
Ya.4.1
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making routing of edge chains potentially challenging. Recall that
the choice of edge chain only matters up to homology'im
where denotes the singularities (Lemma 1 dflftra et al. 2023).
Thus, routing appropriately around other singular edges is the key
factor in appropriately specifying the constraints.
In particular, for

a given pair and av-
erage isoline value-

avg the union of tri-
angles that the ayg
level set passes through forms a triangle strip. Starting from the +1

singular edge, we walk along the top edge in the directiorrof ?

until we reach the top of the -1 singular edge. If we encounter a
singular edge from a di erent pair, then we route above or below,
according to the relative average time function values as shown
in the inset. Here the coloring indicates the matched singularities
and the dotted lines are the respective average time function values.
Since the blue singularity pair lies above the red, the path constraint
connecting the red singularities (in orange) routes below the blue
singular edge.

4.4.3 Ordering Constraintsastly, we
are after an orbit complex where alt
trajectories born at singular edge f
form a single Type Il cell that terc<k—k—k—x
minates at the paired singularity, as P
shown in the inset of ¥.2.3 Further- St
more, these cells must be ordered ag
cording to the time function . This is n
achieved by imposing an ordering inequality constraint between
each subsequent pair of course row singularities.

To implement these linear inequal-
ity constraints in the least restric-
tive way, we need to note an im-

plicit abstract stripe interpolant on the
edge bigon faces. This is illustrated
% schematically in the inset for a +1 sin-

‘, gular edge (with the picture mirrored

i across the vertical axis for a -1 singu-
larity). For comparison in the singular face setting, one can look at
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j
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the interpolant of Kndppel et al2015 illustrated in Fig.3 (right).
The back separatrix enters at the midpoint of the left half-edge and
the front separatrices exit at parametric poin@art andGng of the
right half-edge. The red source and yellow saddle singularities of
the [Knoppel et al201j interpolant are merged into a single orange
singularity with two hyperbolic sectors and one parabolic sector.
The new outgoing trajectories exit the right half edge between
parametric pointSgart and Gng.

There is an ordering constraint between each two consecutive
. Lcourse singular edges, represented by a path integral along an
edge chain betwee@q of the lower singularity andGtart of the
upper singularity. To route such a path appropriately, we start at the
upper vertex of the lower singularity and attempt to reach the lower
vertex of the upper singularity. First, we greedily move up until
the aygVvalue of the upper singularity is reached. Then we move
along the triangle strip of this isoline, routing around other singular
edges in the same way speci ed imt¥.2if they are encountered.
Lastly, we append at the beginning and end of this edge chain the
partial half-edges frontgpq of the lower singularity and tdGtart Of
the upper singularity. If the path between two consecutive course
singularities iswWas shown in orange in the inset. Then we impose
that ,f2 0. Example ordering constraints on the simple bent
cylinder model may be seen in Fig.

Intuitively, these constraints can be seen as asking that the stripe
function be non-decreasing between the bounding separatrices
of the Type Il cells associated with the singularities. The pre- and
post-pended partial chains make sure this constraint is not too
restrictive and still operates well in the dense knit setting (when
many singularity pairs have similar ayg values). As an example
of the necessity of such a constraint, we show a schematic of a
helicing Type Il cell that may occur when such ordering constraints
are not imposed in FiglQ Note that this does not invalidate Prop.
1 of [Mitra et al. 2024, but merely provides the perspective that
additional constraints (beyond level set constraints between paired
singularities) are needed in the dense knit graph setting.

4.5 Knit Graph Extraction

45.1 Integration of 1-formktaving solved for the two 1-forms

f2 andf g, the orthogonal stripe patterns are then traced to form
the nodes of the knit graph. The forms are rst integrated along a
spanning tree of mesh edges and the integrated valudsy course
andV for wale, are stored modul&oat every mesh corner. As in
Mitra et al. [2025, our singularities lie on edges ensuring that stripe
level sets are linear over faces. To extract stripe intersections over a
face, we solve the linear system,

Wlg, Uslg, U 1.
\/8]8, V919, Vzl:

lu
:/V

(20)

wherelg lgandl. are barycentric coordinates ofg.and/ y and

| v are the stripe level sets passing throuégy. Similar to Mitra

et al. 2029, this approach does not require the construction of a
specialized If/itra et al. 2024 or non-linear [Knoppel et al201j
interpolant.
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Fig. 9. Le : Singularity pairing constraint$3) positive (red) and negative
(blue) edges on a pedagogical bent cylinder model (both sides shown). Right:
Ordering constraints (¥.4.3 between the positive singularities (only one
side shown). The singularities are ordered according to increasing time
value.

Fig. 10. A schematic showing the necessity of ordering constraints. The
interaction of two pairs of course singularities with separatrices traced (dark
orange). In this orbit complex example, note that the singularity pairing
constraints (dashed-black) are satisfied (most easily seen via counting of
separatrix crossings), but trajectories in the highlighted blue Type Il cell
still helix. An ordering inequality constraint imposed on the dashed green
curve would enforce appropriate behavior of the separatrices and resolve
the helicing cell by preventing any separatrices from crossing it.

4.5.2 Connections across fa&@milar to past stripe tracing strate-
gies Mitra et al. 20252024 2023, we connect vertices across faces
through the matching oWvirtual verticeggreen and blue nodes in
inset) which are computed by intersecting stripe level sets with
triangle borders. These virtual vertices are then connected to knit
graph vertices computed via stripe intersections.

On non-singular edges, the number of virtual vertices on either
side of the edge are equal and the matching of virtual vertices is
trivial via a simple ordering. On course singular edges, virtual ver-
tex matching follows the short-row pairing scheme described in
Sec4.3 We check all candidate pairings from the left of the edge to
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the right and, for each, verify that the resulting short-row construc-
tion produces the expected short-row (one that starts/ends at the
positive/negative singular edge in the pairing scheme from Seg.
The pairing that satis es this criterion is se-

lected. On wale singular edges, the matching

is simply a minimum distance approach. We
pair virtual vertices from the left of the edge t
its nearest counterpart on the right of the edge.
As a nal robustness step, once virtual vertices
are matched, their positions are updated to the
average position of the matched pair and t
stripe level set is slightly modi ed (see inset).
Unlike in [Mitra et al. 202, this matching pro-
cedure enables us to generate graphs at higher resolutions than the
length of mesh edges.

4.6 User constraints

We retain all the user capabilities of past stripe and curl-based knit-
ting planning frameworks whilst introducing novel machinery for
new methods of user control. Most of these amount to modi cation
of the curl measures, which are then fed to the start of our pipeline,
beginning with surface quantization4y2

Curl MaskingAs in Mitra et al. [2025, we can mask out the curl
from a user-speci ed region thereby inserting no singularities in the
region. Such a masking is crucial to allow for complex color work
or texturing, as can be seen in some rendered examples in Eigs.
12 If< is the user-speci ed masking region, we set = 0 before
running our singularity placement procedure.

In Fig.11, a region is masked out on a shoe upper for insertion

of a rasterized checkerboard SIGGRAPH logo. With the presence

of shaping within the logo (green highlights) the raster grid is dis-
turbed and rows merge together, leading to a loss of a 1-1 map
between loops and the logo raster. The artifacts can clearly be seen
downstream of the shaping, as there is no way to recover the
checkerboard alternation exactly. Fifj2 demonstrates the same
concept via a moss stitch texture, which is formed by a checkerboard
pattern of alternating front knits and back knits, giving it a distinct
aesthetic look and feel. Again, when the raster grid is disturbed,
there are clear artifacts caused by the shaping.

Level set constraintife introduce a novel level set constraint that
allows the user to align the knit graph with sharp features or seams
in the underlying mesh. To do this, we ask that the time function
take a constant value over the feature edges. In particuldE if
the set of vertices in the constrained edge detve set equality
constraints on all vertices in the same feature line. This is merely
an additional linear constraint in the standard quadratic Dirichlet
energy minimization used to obtain harmonic time functions. We
additionally imposef 4 = 0to tightly align the stripes. An example
of this constraint is shown in the box model in Fid3 This new
constraint is more general than the boundary/patch alignment con-
straint of Mitra et al. [2025 as it allows for direct modi cation of
the knitting time function.

Boosting parametdPlacing apparent seams on a model is an
important task for knit designers. These seams show up when knit
singularities are gathered onto lines or curves, and often are used to
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Unmasked

Masked

O

Fig. 11. Our curl masking procedure allows for the artifact-free placement
of logos. Le column: A geometrically informed solution from our algorithm
on a disk model of a shoe-upper. The render shows line artifacts arising
due to singularities running through the logo. The singularities disturb
the regular grid structure (bo om), making an exact checkerboard pa ern
impossible to recover. Right column: We can mask out the curl in a local
region, where the logo is to be placed. No singularities pass through the
logo as shown in the render and the logo is mapped onto a regular grid
without any artifacts.

Unmasked Masked

=

Fig. 12. The masking procedure also allows for an artifact-free application
of a moss texture, which is an alternating checkerboard pa ern of front
knits and back knits. We apply the same masking procedure to the shoe
upper from Fig.11 Le : The presence of singularities in the texturing area
causes obvious visual artifacts to appear. Right: Our method accommodates
the removal of all singularities from a texturing area resulting in artifact-free
texturing. Bo om: The grid representations represent the texture with front
knits corresponding to black blocks and back knits corresponding to white
blocks.
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Fig. 13. Level set constraints. Top: Box model without constraining the time function isovalues results in the course rows that are not aligned with the edges
of the box. Middle: Constraining the time function value along certain box edges (red) enforces course row alignment. Bo om: Kni ed results without (le )
and with (right) level set constraints. Note the non-orthogonality of the wales near the corners and the presence of shaping on the sides on the le (visible in

zoom-in).

User-specified seams

c=0.25

max

c=05 c=0.75

Fig. 14. Boosting parameter on a beanie model. Our method accommodates user-specified seams along with a boosting parameter which controls how much
of the original curl should be concentrated at the seams.2xt 0, we have the original singularity distribution as can be seen with the uniformly dispersed
decreases in orange. IncreasiBgoncentrates more curl at the seams until eventually all the decreases are placed along it, creatisygpament searim the

knit graph. Knit versions of th& = 0and2 = 1 models are in Fig2Q.

gather shaping operations to allow nearby regions to remain regular.
Our method allows for the placement of such seams via a boosting
parameter2, which controls how much of the original curl should
be transferred to the seam, while preserving total curl mass. This is
a novelty with respect taViitra et al. [2025 as there was no inter-
polation parameter and no curl mass preservation guarantees with
its greedy insertion strategy. Whea= 0, none of the underlying
curl is moved to the seams while increasi@dgransfers more curl to
the speci ed seams. In particular, if is a set of boosting vertices
where seams are to be placed, then we de ne a uniform measure
on these vertices. The boosted curl with user-speci ed paramé&ter

is then:

0= 22 = (21)

Note that the constant ensures that*%=* for all values of2.
This allows users to control how much of th@pparent seamaill

be visible in the nal knit graph. Since we preserve total curl mass,
the number of singularities inserted remains constant on variation
of this parameter. An example of this interpolation scheme on a
beanie model is shown in Fig4

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.
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-20000

-30000

OT cost
OT cost

-40000

-50000

Iteration lteration

Fig. 15. Plots of OT energy vs iteration count during our Lloyd steps. Note
that our formulation maximizes a concave objective term. Our method

produces qualitatively similar singularity placements and knit graphs when

run for 300 Lloyd iterations vs terminating at OT convergence Withgyq =

10 4. We highlight the short-row placements on the bunny and moai models

run with the di erent stopping criteria.

5 Results

Our implementation is coded in C++, and the optimization problems
are solved using the vanilla Gurobi solveG[irobi Optimization,
LLC 2027 We use the open-source implementations of the scalar
heat method Crane et al2013pand log-map computation$harp

et al 2019¢in Geometry-Central Bharp et al2019% We use an
open-source C++ implementation of LBFG3ifi and Toewe 2019
and Polyscope$harp et al 2019 for visualization. All timing
experiments were run on an M3 Macbook Pro with 32GB of RAM.

Algorithm parameterdn early versions of our implementation,
we prioritized achieving knitted models using a conservative esti-
mate of 300 Lloyd iterations resulting in good solutions. Letting the
algorithm run longer usually leads to oscillations about a local min-
imum. However, on further analysis, setting a permissive tolerance
0f Y joyg = 10 4 leads to convergence in 50-100 iterations with no
material improvement in the OT energy or singular con guration.
We show this behavior in Figl5 where we plot the OT energy
against iteration number and qualitatively compare knit graphs
produced with the di erent stopping criteria. Detailed runtimes
are reported in Tablé. For the weights optimization, the L-BFGS
tolerance is settdf prgs= 10 ° and the memory parameter is set
to< =6.

We validate our method through physical fabrication of several
models on an industrial knitting machine. In particular, the open-
source implementation of the AutoknitNlarayanan et al201§
scheduler is used to generate machine-knitting instructions from
our helix-free knit graphs. Fabrication is done via a Shima Seiki
SWG91N2 15-gauge v-bed knitting machine using 2/28NM rayon
yarn at a 30-stitch size at a rate of 0.8 m/s. A diverse array of topolo-
gies, geometries, and density levels are shown throughout in Figs.
1316 17,18 19 and20 Models have been dressed on 3D-printed
mannequins to better show geometric shaping, especially in concave
regions, where stu ng leads to internal pressure that pushes these
regions outward (e.g., see the teaser duck modeMififa et al. 202%
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)

5

Fig. 16. Top. Le : Course curl signal. Middle: Power cells quantizing positive
course curl. Right: Knit graph with le ends of short rows in red and right
ends of short rows in blue. Bo om. Le : Kni ed bunny without any stu ing

or dressing. Right: We dress our knits on underlying 3D prints.

Fig. 17. From le to right: Cactus, pipes, heart, doughnut. Top row: Knit
graphs highlighted with singularities. We show the short-rows on the cactus
and doughnut models and the increases/decreases on the pipes and heart
model. Bo om: Kni ed results dressed on 3D print molds.

in the underside of the neck region). This was also noted in the cro-
chet setting in Edelstein et al2023. Note that most mannequins
were 3D-printed in multiple interlocking parts to accommodate
dressing in the presence of nontrivial genus or high shaping.

The open-source implementation of the Autoknit scheduler occa-
sionally struggles to complete on several of our models. This is likely
due to topological complexity (split-2-3, full-sleeve dress) or dense



Fig. 18. From le to right: Glove, duck, sock with knit graphs highlighting
increases/decreases on the glove and duck models and short-row ends on
the sock model. Bo om: Kni ed results dressed on 3D print molds.

Fig. 19. From le to right: Knit graphs for dress and pants model with
highlighting of increases/decreases on dress and short-row ends on pants.
Bo om: Kni ed results. The dress is fi ed onto an underlying 3D print of

the torso region to be er show shaping.

145:15
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Fig. 20. Kni ed results of the beanie model. Top: We 8et 0, transferring

no curl to the seams. This results in a graph with uniformly dispersed
decreases. Bo om: F& = 1, all the curl is transferred to the seams resulting

in a series of decreases (apparent seams), one of which is highlighted in red.

local shaping (B71, B42). As such, we also present a virtual gallery of
several helix-free knit graphs, with highlighted short rows, that can
be visually inspected atihulmitra.xyz/projects/powerknit/gallery
Itincludes knit graphs for all the knit models, rendered models, and
examples that we could not get to schedule appropriately. The ad-
ditional complexity present here serves as a demonstration of the
robustness and versatility of our method. In particular, we note again
that the ordering constraints described int¥;and shifting of local
stripe positions in Secl.5enabled robust helix-free stripe optimiza-
tion and knit graph extraction in high-density settings (when period
is low, and singularities are many). The full source code/data for the
website are also included in supplementary materials to ensure no
new results are added post-deadline. Full mesh combinatorics, knit
graph combinatorics, knit graph quality metrics, and running times
are included for all knit and virtual results in SuppAY Each aspect
is discussed via a few representative examples in sections below.

Comparison to AutoknitVhile Autoknit's knit graph creation
[Narayanan et al201§ (separate from the scheduler) produces
helix-free machine-knittable graphs, they do not allow for any user-
customization or editing beyond selection of starting and ending
boundaries. As demonstrated irt 6and in associated Figsl, 13
14, our methods allow for several desirable editing tools. Addition-
ally, our knit graphs are much smoother making them suitable for
rendering pipelines such as in Figkl, 12 We compare quad corner
angle statistics on a few models in Figll.

Comparison td/itra et al [202%: Another closely related knit
singularity placement work is that oiitra et al. [202]. They use
an iterative greedy algorithm to check potential placement of sin-
gularities until objectiveF 1f © in Problem(1) stops improving. This
iterative approach requires solving several linearly-constrained qua-
dratic optimization problems for the placement of each singularity,

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.
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Fig. 21. Top row: Knit graphs produced by Autoknitfrayanan et al201§.

Bo om row: Knit graphs produced by our method. We present the average
and standard deviation of quad corner angle error from a targe®éf . While
Autoknit does generate meshes with edge lengths err§rd0%(see Fig. 24
in Narayanan et al[2018), our average angle errors and standard deviations
are far lower making our approach suitable for rendering pipelines requiring
mesh regularity.

Fig. 22. Comparison with knit graphs generated bijtra et al. [2025. Our
method typically inserts more singularities, enabling greater shaping in the
resulting knit graph, while achieving slightly improved average edge length
errors and mean gquad corner angles.

resulting in poor scaling and performance. We replace such an iter-
ative scheme with a single global algorithm that jointly solves for
singularity positions. This results in a general speed-up in place-
ment as shown in Tablé. Recall that our method inserts a more
principled number of singularities via Eq14). This number bet-

Table 1. We compare the total running time (m:ss) of our method (until
OT convergence) on several models against the running tim&ldfa et al.
[2023. Note that to achieve a fair comparison, we time our method on
the same number of singularities inserted Wyitra et al. [2025. The figure
labels refer to the models considered, but the runtimes reflect higher periods
(coarser knit graphs) than shown in the figures.

Model Mlstir292.5 M.'Ifirr?]és Ours| Speed-ug
Sock (Figl8) 31 0:19 1.6x
Dress (Figl9 14 0:03 8.3x
Cactus (Figl?) 22 0:06 4.9x
Elbow Sleeve 22 0:01 11.8X
Pipes (Figl?) 62 0:12 6.0x
Heart (Fig.17) 189 0:16 20.6X

Table 2. Comparison of runtimes (m:ss) agaiftra et al. [2025 in dense
(low period) se ings. The methods are cut o a er a timeout of 10 minutes.
Note that quality comparisons are challenging as the stripe optimization
and knit graph construction oMitra et al. [202] are not robust enough in
these dense se ings.

Model M_:_t{;iS Ours| Speed-up
3:45 0.7x
0:37 2.0x
0:24 10.2x|
1:10
0:36 5.9x
2:34
0:58

Table 3. Comparison of knit graph quality withitra et al.[202% on coarser
models (higher periods). #S is the total number of knit singularitidgngtn
is the median error on edge lenghts, adgygie is the median deviation of
angles from90 .

Mitra'25 Ours

#S 41ength 4angle
44| 5.7% 3.2%
48| 5.6% 2.8%
231 6.09 2.8%
25| 11.3% 1.89
140| 5.294 2.8%
79| 7.3% 2.2%
48| 16.0% 7.6%
28| 2.1% 1.6%

7.4% 3.1%

ter approximates the total curl measure mass, whereas there is no that may not match the referenced gures. The speedup typically

control on this number in Mitra et al. 2025. In Table1, we ran
our method with the same number of singularities thatl[tra et al.
2023 ultimately inserts for a normalized comparison. We note also
that these models were run with relatively coarse stripe patterns
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lies in the 5x - 10x range.

In addition to speed improvements, we also highlight improved ro-
bustness overiflitra et al. 2023, gained by the additional constraints
of Y4.4 These constraints allowed for knit graph construction for



Fig. 23. Running time dependence on the bunny model. Le : Running time
(s) vs Vertex Count on a log-log scale. Our algorithm runs at interactive
speeds at coarser mesh resolutions. Right: Running time (s) vs Period. Our
method slows at lower period (higher stripe resolutions) due to more singu-
larity insertions required.

larger models with much denser shaping. Tablshows speed com-
parisons on such models with a timeout of 10 minutes. Notably, knit
graph quality comparisons were not possible as the graph construc-
tion of [Mitra et al. 2029 generally did not successfully result in a
helix-free graph. The average speedup for models that completed
within time limits was approximately 3x.

Finally, we examine quality comparison metrics in the coarser
setting, where Mitra et al. 2023 is robust enough to produce valid
output. Comparison of edge length error and quad corner angle
statistics is shown in Tablé. On these models, our average median

Surface Power Diagrams for Knit Singularity Placement 145:17

6 Conclusion

Placing knit singularities is a crucial task for ensuring that fabricated
results conform to an input geometry. In this work, we present a
global algorithm that jointly optimizes for knit singularity positions
leveraging an optimal-transport-based notion of quantization for
the curl of the normalized time function gradient. This required the
generalization of heat-kernel-based geodesic Voronoi diagrams to
geodesic power diagrams. Our method avoids the need for expen-
sive mixed-integer solves and scales better than previous iterative
approaches. We also introduce novel ordering constraints that more
robustly achieve helix-free (machine-knittable) graphs, and present
new methods for incorporating user input. We showcase the e -
cacy of our method on both a diverse range of knitted results and a
virtual gallery of helix-free knit graphs.

Limitations and future workWhile our method is faster than
prior approaches, there are several improvements to be explored.
For instance, currently our support sites are randomly initialized.
A more intelligent initialization, such as borrowing placements
from Knoppel et al[201Y, may result in faster convergence. One
might also consider multi-scale approaches achieved by mesh re-
striction/prolongation and/or a scheduled increase in period (and
thus in number of singularities with successively smaller mass). We
are also hopeful that our novel notion of geodesic power diagrams
on surfaces may nd application in other settings, such as extend-
ing blue noise algorithmsipe Goes et ak017 to surface settings,
optimal remeshing [ullen et al 2011, and addressing quantization

edge length error was 7.4% and our average median angle error was gytifacts for 3D printing [Viorsy et al. 2021

3.1%, compared to 8.6% and 5.0%\forrf et al. 2029, respectively.

As can be seen, our performance on these coarser models is better

on average and at least comparable in all cases. Higher variability
in the performance of [Mitra25] was found, due to its iterative and
greedy approach. Additional visual comparisons on the sock and
glove models are shown in Fig2. They both show improvements
in these metrics, re ecting more evenly-spaced courses and wales.

ScalingThe runtime of our algorithm is governed primarily by
mesh resolution and the striping period. On coarser meshe4
10* vertices), the method typically nishes in a few seconds. The
cost of a Lloyd iteration is dominated by the computation of the
heat kernel and the log map. These amount to a xed number of
sparse linear solves with a pre-factorized Cholesky decomposition,
making the complexity nearly linear in the mesh size. This trend is
shown in the log log plot in Fig.23(left). Runtime also increases as
the striping period decreases (Figf3 right): a smaller period leads
to more singularities to be placed as the total curl mass remains
constant, Eql4 The per-Lloyd iteration runtime scales linearly with
the number of singularities, and more Lloyd iterations are required
to converge.

Notably, the mesh resolution and striping period are not entirely
independent. For a given peridd a mesh with average edge length

2%is recommended. When the mesh is too coarse relative to the
period, it opens up the possibility for discrete stripe singularities of
absolute index greater than 1, e.g2. This is undesirable from a
numerical modelling standpoint as optimally quantized measures
will have some separation between support points. Being unable to
represent this discretely will lead to suboptimal stripe patterns and
thus knit graphs.
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A Knit graph metrics

We measure the delity of our knit graphs across two metrics: edge length errors and quad corner angle errors. We aim for a target edge
length of the striping period% For angle errors, we only measure angles on quad faces of the knit graph. In general, our average edge length
errors are  10%and average angle errors ale5%
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Fig. 24. We present edge length errors on various knit graphs. Our average edge length e¥tdii%o
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Fig. 25. We also show quad corner angle errors on various knit graphs, with a target an@@ ofVe achieve an average error % of less than 5%.

Table 4. Model statistics. For each model, we report mesh combinatorics and size of knit graph. We also compute error statistics for mean edge length/quad
corner angle error. For quad corners, we aim for a target anglé@f Our pooled mean edgle length error is less th¥n10%and our pooled angle error i¥ 5%

. Knit graph | Runtime Mean edge | Mean quad corne
Model #v #F #Sing. rows (m:ss) | length error (%)| angle error (%)
Cactus 7646| 15114 110 150 0:15 9.19 2.89
Bunny 8909| 17620 359 178 0:58 12.44 5.86
Glove 37493| 74524 336 227 3:45 8.54 3.57
Sock 7908| 15700 139 135 0:37 7.05 5.31
Doughnut 797| 1525 95 73 0:01 9.11 5.27
Dress 8634| 16995 231 176 0:36 5.96 2.83
Pipes 9790| 19456 142 131 0:24 8.90 3.42
Duck 9645| 19234 295 195 1:10 15.1 5.32
Heart 5565| 11032 126 87 0:12 10.9 4.28
Pants 9479| 18777 62 164 0:11 3.84 2.19
Moai 16984| 33544 393 250 2:34 7.48 3.33
Beanie (seams) | 12911| 25594 85 60 0:12 7.59 2.23
Box (constrained), 5678| 11264 92 120 0:11 12.87 4.95
Dress (full sleeve) 10278| 20384 86 125 0:10 6.99 3.04
Split-2-3 22333| 44032 271 243 2:03 244 7.94
B71 4688| 9204 89 146 0:04 8.87 4.32
B42 4541| 8692 84 150 0:02 4.69 2.39
Shoe (disk) 2950| 5310 225 613 0:14 7.04 6.09
Split-1-2 3295| 6400 82 102 0:06 4.37 2.22
Elbow Sleeve 1343| 2558 24 34 0:01 6.82 4.25
Retinal 7418| 14797 383 206 2:30 12.54 5.33

ACM Trans. Graph., Vol. 45, No. 4, Article 145. Publication date: July 2026.



	Abstract
	1 Introduction
	2 Related Work
	3 Background
	3.1 Knitting and Machine Knitting
	3.2 Stripes for Knitting
	3.3 Measure Quantization via Semi-Discrete OT in Rn

	4 Method
	4.1 Signed Measure Quantization
	4.2 OT-Based Quantization on Surfaces
	4.3 Singularity Discretization & Pairing
	4.4 Discretized Stripe Optimization
	4.5 Knit Graph Extraction
	4.6 User constraints

	5 Results
	6 Conclusion
	Acknowledgments
	References

